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SPLITTING THE KUNNETH FORMULA 


LAURENCE R. TAYLOR 


Abstract. There is a description of the torsion product of two 
modules in terms of generators and relations given by Eilenberg 
and Mac Lane. With some additional data on the chain complexes 
there is a splitting of the map in the Kiinneth formula in terms of 
these generators. Different choices of this additional data deter¬ 
mine a natural coset reminiscent of the indeterminacy in a Massey 
triple product. In one class of examples the coset actually is a 
Massey triple product. 

The explicit formulas for a splitting enable proofs of results on 
the behavior of the interchange map and the long exact sequence 
boundary map on all the terms in the Kiinneth formula. Informa¬ 
tion on the failure of naturality of the splitting is also obtained. 


1. Introduction 

Fix a principal ideal domain R and let A* and R* be two chain 
complexes of R modules. The Kiinneth formula states that if A* R* 
is acyclic then there is a short exact sequence 

0 —>■ © Bf) -^ © Hi[Af) Hj[B^) —>■ 0 

i-\-j=n i+j=n—l 

which is natural for pairs of chain maps and which is split. For a proof 
in this generality see for example Bold [U VI, 9.13]. 

Let R*) —)■ Hk{A^) denote /3 followed by 

projection. Say that a map a: Hi{A^) -A- Rj_|_j_|_i(A* R*) 

splits the Kiinneth formula at (i,j) provided /9fc£ocr = l , . rr ^ 

if {k,i) = {i,j) and is 0 otherwise. 

2. The main idea 

Suppose the R modules in the complexes A* and R* are free, so the 
Kiinneth formula holds. The general case is discussed in 1|11 

In |?Eilenberg-MacLane[ §11] Eilenberg and Mac Lane gave a gen¬ 
erators and relations description of the torsion product: A R is the 
free R module on symbols (o, r, b) where r G R, a E A with ar = 0 
and b G R with r b = 0 modulo four types of relations described below, 
(12.71 11 - (12.71 41. The symbols (a, r, b) will be called elementary tors. 
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In what follows, given any complex C*, Z*(C*) denotes the cycles 
and B*(C'*) denotes the boundaries. Given any cycle c of degree |c| 
in G*, write [c] G for the homology class c represents. Let 

Z*(G*) —)■ denote the canonical map. 

Mac Lane |5l Prop. V.10.6] describes a cycle in Hn{A^ B^) repre¬ 
senting a given elementary tor in the range of 13 . Mac Lane’s cycle is 
dehned as follows. Lift a to a cycle, d, and b to a cycle b. Since ar = 0, 
dr is a boundary. Choose Xa G ^pi+i so that 9^|_,_;^(Xa) = dr. Choose 

so that = rb. Up to sign and notation, Mac Lane’s cycle 

is given by 

(IXTil M(d, Xa; b, X^) = (-l)l“l+id O X^ + Xa ® b 

Mac Lane puts the sign in front of the other term but then gets a sign 
when evaluating ( 3 . Mac Lane also writes fl2.1|) as a Bockstein. 

The short exact sequence 0 — ^ > i?/(r)^0 gives rise to a 
long exact sequence whose boundary term is called the Bockstein as¬ 
sociated to the sequence: b^: iL„(G*C)^i?/(r)) —)■ Hn-i{C^) In terms 
of the Bockstein and the pairing 

®R r/(r)) X H({B. ®R r/(r)) Hk+e{A. ®r B. ®r R/{r)) 

m M(a,Xi-,b,Xi) = (-l)l"l+’b[.|+iH+2(W0Vi) 

Given a different choice of cycle for d, say di, di = d -|- 5|^|_|_i(ba)- 
Take Xa^ = Xa + bar. With a similar choice of lift on the right, 
M(di,Xa^; bi,XgJ — M(d,Xa;b,X^) is a boundary and so different 
choices of cycles give the same homology class. 

Indeterminacy comes from the choices of Xa and X^. With d and 
b hxed, Xa is determined up to a cycle. Let Xa^ = Xa + Za and let 
X^i = X^ + Zb. Then 


[M(a,Xa,;b,XsJ] = [M(a, Xa; b, Xg) + (-1)1^“'(a x [^a])] + (N x b) 

Since [za] and [zb] can be chosen arbitrarily, any element in the coset 
(a X iL|a|+i(i?*)) ©(iL|(i|+i(x4*) x b) can be realized. Let 

(O ((a, r, b)) C Hia\+\b\+i{A^ B^) 

denote the coset determined by any of the [M(a, Xap b,XgJ]. 

The above discussion and Proposition V.10.6 of [5] shows the follow¬ 
ing. 
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Lemma 2.4. For two complexes of free R modules, R a RID, the 
element [M(a, Xa; b ,determines ((a, r, b)) a well-defined coset of 
(a X ©(-f/'|Q|+i(y4*) X b) such that 


I3s,t{{{a,r, b))) = 


(a,r, b) s = |a|, t = |b| 
0 otherwise 


To get a splitting requires one more step. Since i? is a PID, the set of 
boundaries in a free chain complex is a free submodule and hence there 
is a splitting of the boundary maps. Choose splittings for the complexes 
being considered here: sa - B*(74*) —)■ and sb- —)■ 

Dehne 

(1^ 1) M(a, Sa; b, s^; r) =(-l)l“l+^a © SB(rb) + SA(ar) ® b 

(12312) M{a,SA]b,SB-,r) =(-l)l“l+^b[„|+|t,|+2(sA(ar) © SB(rb)) 

Lemma 2.6. The homology class [M(a, sa; b, s^; r)] is independent 
of the choice of cycles a and b. 

Proof. See the paragraph just below fl2.2p . □ 

Dehne 

T\Xw D = [M (a, Sa; b, sb] r)] 

Theorem 2.7. For fixed splittings sa and sb, the function de¬ 

fined on elementary tors induces an R module map 

• -^|a|(^*) *R i7|o|+|(,|+i(v4* 0^ Bfi) 

which splits the Kiinneth formula at (|a|, |b|). 

Proof. The splitting at (|a|, |b|) follows from Lemma 133 Fix splittings 
and let {a, b}r = [M(a, sa; b, s^; r)]. By Eilenberg and Mac Lane 
[TEilenberg-MacLanej §11], to prove /i is a module map, it suffices to 
prove the following 

(13711) {ai, b}r + { 02 , b},. = (oi + 02 , b}^ o^r = 0; rb = 0 

(13712) {a, bi},. + {a, b 2 }r = {0, bi + b 2 }r or = 0; rb* = 0 

([3713) {0, b}r^.r 2 = {ori, b}r 2 orir 2 = 0; r 2 b = 0 

(|3714) {0, b}r^.r 2 = {o,r 2 b}^, ori = 0; rir 2 b = 0 

These formulas are easily verihed at the chain level using (I2.5I 1L 
Lemma 12.61 and carefully chosen cycles. □ 
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Remark 2.8. Eilenberg and Mac Lane work over Z but, as pointed 
out explicitly in [?MacLaneslide^ about the middle of page 285], the 
proof uses nothing more than that submodules of free modules are free 
and that finitely generated modules are direct sums of cyclic modules. 
Hence the results are valid for PID’s. 

Remark 2.9. The data contained in a splitting is surely related to the 
structure introduced by Heller in j3]. See also Section [H 


3. Free Approximations 


A result attributed to Bold by Mac Lane [5l Lemma 10.5] is that 
given any chain complex over a PID there exists a free chain complex 
with a quasi-isomorphic chain map to the original complex. In this 
paper any such complex and quasi-isomorphism will be called a free 
approximation. 

Warning. Some authors also require the chain map to be surjective. 


Here is a review of a construction of a free approximation, mostly to 
establish notation. Some lemmas needed later are also proved here. 

A weak splitting of a chain complex A* at an integer n is a free 

resolution 0- *\ Hn{A^) -^0 and a pair of maps 

= i'yn^On} of fho resolution into A* where : Z^ —)■ Z„(A*) and 
9^-. ^ An+i- It is further required that 




A 


Z„(A*) 


T'ifnCA*) 


Ll^ 


and 


Bn(A,) 


B^ 




A. 


^n+l 


n+1 




commute. 


The complex is said to be weakly split if it is weakly split at n for 
all integers n. Any module over a PID has a free resolution and any 
complex has a weak splitting. If the complex is free, a splitting as in 
]|2] is a weak splitting. 


Given a weakly split complex, dehne a complex whose groups are 
= B^_i © Z^ and whose boundary maps are the compositions 


dT--K = K-.' 


A 

^ ^n-1 


^n-1 


^ ^n-1 




) 2 ,^ — ttA 

' ^n-1 ~ ■’n-\ 


The submodule 0 © B^_^ C B ^_2 © Z^_^ = is the image of so 
one choice of splitting, called the canonical splitting, is the composition 

= 0 © Bl,-> Bl,-> Bl. @ 2^ = T,'! 
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Lemma 3.1. The map 

■nt = el. + 7l = Bli e ^ a„ 

is a chain map which is a quasi-isomorphism. If'y^. —)■ is 

onto then is onto. It is always possible to choose to be onto. 


The proofs of the claimed results are standard. 


Lemma 3.2. Let e*: A* —>■ 5* be a surjective chain map and let 
V* • t S* be a free approximation. Then there exist free approxi¬ 
mations : Ff —)■ A* and surjective chain maps h %: —)■ F^ mak¬ 

ing 


F^ 


A 




V? 




commute. 


Proof. Let P* —^ F^ be a pull back. Since e* is onto, so is e* and 


C* 

At, - )■ Bt, 


V? 


the kernel complexes are isomorphic. By the 5 Lemma, C* is a quasi¬ 
isomorphism. Let p ^: F^ —)■ P* be a surjective free approximation. 
Then p^ = p^ and h® = e* o are the desired maps. □ 


^ f 

Lemma 3.3. If O^At ,—- >Ct, —>0 is exact, there exist free ap¬ 

proximations making the diagram below commute. 

0 ^ F^ Pf Pf ^ 0 






Vt 

Vt 

O^A 

6 * y- 

U-^ E 



Proof. Use Lemma 13.21 to get h^. Let Ff" be the kernel complex, hence 
free. There is a unique map pf^ making the diagram commute. By the 
5 Lemma, pf' is a quasi-isomorphism. □ 

Lemma 3.4. Suppose At, Bt, is acyclic. Suppose pf: Ff At, and 
p^: F^ —)■ Bt, are free approximations. Then so is 

Vt ® hf: F:^ Zr Ff ^ Bt 
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Proof. The Kiinneth formula is natural for chain maps so 

ZJ / TpA\ ^ U f TpB\ ^ , U / TpA TPB\ ^ . 


0 


i+j=n 


(13.51) 



i+j=n—1 

0 V* 

(©0r,^). 

i+j=n 


A \ TT / D \ ^ TT / A 



HfFf) ^ 0 


HAB: 


0 

commutes. The left and right vertical maps are tensor and torsion 
products of isomorphisms and hence isomorphisms. The middle vertical 
map is an isomorphism by the 5 Lemma. □ 


4. The general case 

With notation and hypotheses as in Lemma ITTI applying 
to the cycle in (12.51 1) gives 

(Ol) = e 7 ^(a) 0 (rb) +e^{ar) 0 * (b) 

where d G satisfies 7 ^(d) = a, b G Z^ satisfies "yf (b) = b and 
e= (-l)ld+i. 

In general there is no analogue to (12.51 21 because not all complexes 
have the necessary Bocksteins. If A^, and 5* are torsion free then the 
necessary Bocksteins exist and applying {r]^ 0 V^)* to (12.51 21 gives 

(^2) M( 0 ^,gf)(a,r,b) =e b[’„|+|(,|+ 2 ( 0 lf (dr) 0 (rb)) 

Lemma 4.2. The homology class gf )(d, r, b)] is independent 

of the lifts d and b. 

Proof. The cycles d and b are cycles in iFf" and so the result is 
immediate from Lemma 12.61 □ 

Theorem 4.3. Assume A* is acyclic. For fixed weak splittings 

g:^ and gf taking the homology class o/M(g^, gf )(d, b) yields a map 

: HfiA,) HfiB,) ^ B,) 

which splits the Kiinneth formula at {i,j). 

Proof. The cycle 14. B l is the image of the cycle 12.51 1 and so /i is a map 
by Theorem 12.71 Lemma 13.41 applies and (13.5p has exact rows. The 
splitting result follows from Theorem 12.71 □ 

Corollary 4.4. The map p.*f * will depend on the weak splittings. For 

any choices of weak splittings, p.*f * ((a, r, b)) is in the same coset of 
(a X Hj+i{B^)) ©(i7j+i(74*) x b). Denote this coset by ((a,r, b)). 
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Proof. Suppose given two weak splittings, = {7/^, 6 f} and gf = 

Then 7^ - Zf -)■ Zi{A^) -)■ Hi{A^) is trivial so 7^ - 
7/^: Zf" —)■ Bj(y 4 *). Since Zf is free, there exists a lift \hj: Zf —>■ A+i- 

A 

Next consider — (0- — Of")) : Zf —)■ '"’'S A- This map is 

also trivial so there is a unique map Zf Zi^i(Af and hence a 
unique map Zf Zj+i(y 4 *) —)■ Hi+i{Af. Then ^’)) “ 

/i'* ’"* ((o, r, b)) = (—1)*+^ [<hj(a) x b] G Hi+i{Af x b. A similar calcu¬ 
lation shows the variation in the other variable lies in ax □ 


5. Splitting via Universal Coefficients 

In the torsion free case. Formula 14.11 2 suggests another way to pro¬ 
duce a splitting. The Universal Coefficients formula says that for a 
torsion-free complex C*, there exists a natural short exact sequence 
which is unnaturally split: 

0 ^ R/{q) -> i/„(C* R/{q)) ^ 0 

where for a hxed r in a PID R and an R module P, rP = P R/ (f) 
denotes the submodule of elements annihilated by r. 

The Bockstein bf is the composition 

Hn{C, R/{q)) c Hn-i{C,) 

Theorem 5 . 1 . Let A^ and i?* be torsion-free complexes. Given a G 
Hi{Af pick a G R/{r)') such that Ufffi^) = a. Given 

b G Plj{B^) pick b G R/{r)') such that U^ff{b) = b. On 

elementary tors (a, r, b) define 

Si,j{{a,r,b)) = (-l)*+^b[+^.+2(a® b) 

Then Sij{{a,r,b)) G ((a,r, b)). 

Proof From Corollary 14.41 (— l)*’''^b[_,_j_,_2(a <8) b) lies in ((a, r, b)) if the 
splittings used are ones from a weak splitting. Any other choice of 
splitting for A* is of the form a -|- for G and any other 

choice of splitting for B^ is of the form b-|-X(, for G Hj^i{Bf. Then 

b[+,+2((a + X„) C (b+ Xt,)) = b[+^.+2(aC b) +X„ x b + (-l)*+'a x 


The result follows. 


□ 
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If the Universal Coefficients splittings are chosen arbitrarily the map 
on the elementary tors may not descend to a map on the torsion prod¬ 
uct. This problem is overcome as follows. A family of splittings 

MA,) ^ (8)^ R/{r)) 

one for each non-zero r G i? is a compatible family of splittings of A* 
at n provided, for all non-zero elements qi, q 2 E R the diagram 


92 


HniA, 


9192 


Hn{A,) 


■92 


^ qiRn^Af) 


21,91 92 


Hn+i{A^. R/{q2)) — '^Hn+i{A^ R/{qiq2)) - R/{qi)) 


u'’ 


U. 


A*,qi-q2 

n+l 


^HniAt 




^Hn{AA) 


•92 


u" 


qiHn{AAj 


' q\q2-^-^n\-^ ^ qi-^ 

commutes, where the horizontal maps are induced from the short exact 

-^^-^R/{qiq 2 )— — tR/{.qi) -t 0 and 


sequence of modules 0 —)■ R/{q 2 ) 
the rows are exact. The diagram consisting of the bottom two rows 
always commutes and the vertical maps from the hrst row to the third 
are the identity. 

If the splittings come from a weak splitting of A* then they are 
compatible for any n. 

Theorem 5.2. Suppose A^, and are torsion-free. Given a compatible 
family of splittings of A* at i and a compatible family of splittings of 
atj, the formula 




((a,r, b)) = (-l)*+^b[+j+ 2 (sf’’’(a) x sf'’(b)) 

defines a map from Hi{AA) Hj{BA) to ifj+j+i(A* 0^ BA) splitting the 
Kiinneth formula at {i,j). 


Proof. It follows from Theorem 15.11 that if Sij is a map then it splits 
the Kiinneth formula at {i,j). 

To show slf ^ is a map, it suffices to show that fl2.7[ l- 
12.71 4) hold. Equations (12.71 1) and (12.71 2) hold whether the splittings 

are compatible or not since the cross product, and hence S', 
is bilinear. 

To verify 02.71 31 it suffices to show 

63 bL?+'2(d"’‘”(9) X X sf'-"(6)) 

To compute a Bockstein of a homology class, c G Hn{C* R/{q)), 
hrst lift to a chain, c G Cn and then d^(c) = qZ. The class Z is unique 


'Li 
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because Cn is torsion-free and b^(c) is the homology class represented 
by Z. 

There are four homology classes in fl 5 . 3 l) . For uniform notation, given 
s^’'^(c), let s^’^(c) be a lift to a representing chain. The cross product 
of homology classes is represented by the tensor product of chains so 
Cl = {a) 0 is a chain to compute the left hand side 

of fl 5 . 3 ll and C2 = sf’’'^(ari) 0 s^’^^(b) is a chain to compute the right 
hand side of fl 5 . 3 p . 


Note 


Si’(0'”(a)) 


_ ^A,rir2, 


a)(rir2) and df (ari)) 


sf’’’^(ari)(rir2). If the splittings are compatible, = sf'^'^{ari) 

so choose = sf’’’^(ari). 


Also 


= (Fir2)sf’^^^^(b) whereas c?f (sf’^^(b)) 


r2sf’'’^(b). If the splittings are compatible, = sf’'’^(b) so 

choose sf’’’^^^(b) = risf’^^(b). 

It follows that Cl = riC'2. Since 



> R/{r2) —^ 0 


ri- 


> R/{rir2) ^ 0 


commutes, b[^^^2(^i) = b[^^_|_2(riC'2) as required. 


□ 


6. Naturality of the splitting 


Fix a chain map e*: A* —)■ C* between two weakly split chain maps. 
Pick a map Z^*: —)■ Z^ satisfying 

(EH) [_]n ° 7 n °^n* = 6 ^° [_];^0 7 n ^ ^ ^^n(C'*) 

Since the right hand square in the diagram below commutes 




c 0" 

•T) ^ 


> Hn{A^ 


; 



r ]C„^c 


&n 


C 


c 


-^Hn{C,) 


there exists a unique map : B^ —)■ B^ making the left hand square 
commute. The set of choices for Z^* consists of any one choice plus 
any map Z^ —)■ B^. The restricted map is B^* plus the restriction 
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The maps 7^ o and tn o 7^ have domain Z^ and range Z„(C*) 
and they represent the same homology class. Hence 7^ o Z'^ — e„ o 7^ 
lands in B„(C'*). Since Z^ is free, there is a lift of this difference to a 
map T®*: Z^ —)■ Cn+i satisfying 


(Q ^n+l O = 7n ° ^n* - ° In 

If Z^* is replaced by Z®* +L„, a choice for the new T®* is T®* + 6*'^oL„. 

The set of solutions to fl6.2p consists of one solution, T®*, plus any 
map of the form A„: Z;^ —)■ Z„+i(C*) C Cn+i- 
Given a hxed solution to (I6.2p consider 

5 = l-? I - (C » - e„+, o 97 : Bi C„+i 

IgA ' 

'-'n 

Notice if Z^* is replaced by Z^* + L„, the new ^ is the same map as the 
old The image of ^ is contained in the cycles of Cn+i and so gives a 
map 

lisa 4>'- = (7 o B-; - e„+, o 9,f) - ir'i . Af ^ i^»+l (C.) 

^ IgA 

which does not depend on the choice of Zl*. 

The map d>®* induces a map 

t/(r)^‘: ^ ® /2/(r) 

dehned as follows. Given a G pick a G so that [7;^(ci)] = a. 

Then ar G so let ?7(r)®*(a) be the homology class represented by 
$®*(ar) reduced mod r. 

Proposition 6.4. Given a chain map e*: H* —>■ G* between two weakly 
split chain complexes over a PID R, the map 

U{rYn : rHn{AY ^ Hn+i{CY ® R/{r) 

is well-defined regardless of the choices made in h6. 1\) and 

Proof. Any other choice of element in Z^ has the form a + h for b G 
Then <I>®* ^(a + 6) r j = <h®*(ar) + d>®*(6r) = <I)®*(ar) + <h®*(6)r since 

b G BY Hence <I>®* ^(a + b)r^ and <I)®*(ar) represent the same element 

in Hn+i{CY Z R/{r) and therefore U{rfifi is well-dehne. Since d*®* is 
an R module map, so is U{r)Y- 

Given a second lift, it has the form T®* +A where A: Z^ —)■ Z„+i(G*) 
and the new is <h®* — A. Gompute (<h®* — A)(ar) = <I'®*(ar) — A(ar) 
But A is dehned on all of Z^ so (d)®* — A)(ar) = <h®*(ar) — A(a)r and 
U{r)Y is independent of the lift. □ 
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Remark. A similar result holds for left R modules. 

Definition 6.5. A weak split chain map between two weakly split chain 
complexes {A*, g^} and {C*, gf} consists of a chain map e*: A* —)■ C*, 
a map Zl *: Z^ —)■ Z^ satisfying fl6.ip and a map d'®*: Z^ —)■ Cn+i 
satisfying fl6.2p . From the above discussion, given any two weakly split 
chain complexes and a chain map between them, this data can be 
completed to a weakly split chain map. The map U{r)%* is independent 
of this completion. 

Theorem 6.6. Suppose given four weakly split complexes and weakly 
split chain maps e*: A* —)■ (F* and f^ \ ^ D^. 

If (a, r, b) e Hi{A^) then 

K} '' ((«.(»).'■,/.(!’))) = (e. ((<i,r,b))) + 

(-l)-e.(o) X U{r)';(b) + U{r)r{a) x /.(b) 


Remark 6.7. The U{r)^ maps take values in ZR/{r) but since 

the other factor in the cross product is r-torsion, each cross product is 
well-dehned in (8)^ D^). 

Proof. It suffices to check the formula on elementary tors so £x (o, r, b). 
The corresponding cycle 14.11 is 

Ao = (a) <8 ef{rb) + 9f{dr)z^f{b) 

Evaluating e* (8) /* on Xq gives 

Ai = Z fj+i[ef{rb)^ + ei+i(ef{ar)^ 

and a chain representing /i^y * ((e*(a), r,/*(b))) is 
A2 = (-l)*+i7f (zy(a)) ® (rZ/-(b))) + (Zf (a)r)) (^7y(z/-(b)) 

It suffices to prove the theorem for e* (8) and then for 1„ 0 A 
and these calculations are straightforward. □ 

Corollary 6.8. Given chain maps e*: A* —)■ C* and f^-.B^,^ D* 

(e*0/y^(((a,r, b))) C ((eya), r,/yb))) 

In words, the cosets are natural and do not depend on the weak splittings 
of the complexes. 
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Proof. First check that the 0-cosets behave correctly: 

(e, (g)/.)^^(a X iLj+i(S.)) ®(i/,+i(A«) x b)^ c (e.(a) x ®(i/i+i(C'.) x /.(b)) 

By Theoreiii[6J]/i-y°* ((e.(a),r,/.(b))) C ((e.(a), r,/.(b))). One appli¬ 
cation of Theorem 16.61 is to the case in which e. is the identity but the 
weak splittings change. Hence changing the weak splittings does not 
change the cosets. The result follows. □ 


7. The interchange map and the Kunneth formula 


There are natural isomorphisms I : and I : A*j^B = 

B A. On elementary tensors, /(a ® b) = b ® a and I((a,r, b)) = 
(b,r, a). Applying I to the tensor product of two chain complexes is 
not a chain map: a sign is required. The usual choice is 

T : A. <8)^ —>■ 5. (8)^ A. 

dehned on elementary tensors by T(a® b) = (— l)bllb|(i (g) it follows 
that the cross product map satishes 

T.(a X b) = (-l)l“ll‘’lb X a 

for all a E i7|n|(A.) and b E i7|(,|(i?*). 


Theorem 7.1. For all a E Hi[AA) and b E Hj[BA) 

T. (^/i•+/+!( (a, r,b))) = (-l)*'^+V!+i+i((^A, 
Proof. Apply T to the cycle in 14.11 1. 




□ 


Corollary 7.2. If R is a PID and if A. =t:^ is acyclic 


0 —y 0 ( 


{-lyp 


7- ® fo(Tt) Hj[B^,) —>■ 0 

i+j=n—l 


i+j=n 

0 —y 0 - y 0^^ A^) ■ 

i+j=n 


(_l)7J + lj 


i+/=n—1 

—y 0 Hi{B^) Hj[A^) —>■ 0 

i+j=n—l 


commutes. The splittings can be chosen to make the diagram commute. 


8. The boundary map and the Kunneth formula 

The boundary map in question is the map associated with the long 
exact homology sequence for a short exact sequence of chain complexes. 
Before stating the result some preliminaries are needed. 

Definition 8.1. A pair of composable chain maps A*—and 
f* 

form a weak exact seguence provided there exists a short 
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exact sequence of free approximations and chain maps making 08.21) 
below commute. 

flO) Ff Ff ^ 0 


A 


»?* 

V* 

, 6* j- 

4* -^ E 

h — ^G 


Given a weak exact sequence there is a long exact homology sequence 
coming from the long exact sequence of the top row of 08.21) : 

-^ F*+i(C',) H,{a) ■ ■ ■ 

The boundary di+i = ri^odi+io(^ri^)~^ where c?j+i is the usual boundary 
in the long exact homology sequence for the free complexes. 

Lemma 8.3. A short exact sequence of chain complexes 

0——)-0 

is weak exact. The boundary di+i is the usual boundary map. 

Proof. The commutative diagram of free approximations 08. 2 p is given 
bv Lemma 13.31 The description of the boundary map is immediate. □ 

Lemma 8.4. If A^ D^, B^ and G* are acyclic and if 

A^ > B^ > G^, is weak exact, then so are 

A* -4 5* -4 G* 

1^ iSie* iS)/» 

F* 4* —^-)■ B^ —^-)■ (g)^ G* 

Proof. Pick free approximations satisfying 08.2p . pf, and a free 

approximation pf’. By Lemma 13.41 the required free approximations 
are pf- ® pf’, pf ® p^, p^ O , or pf’ (g) p^, p^ ® pf, p^ ® p^. □ 

Warning. Even if 4^, > B^, > G* is short exact, the pair e* (g) 1^ 

and G (g) may only be weak exact. For them to be short exact 
requires that either G* or be torsion free. 

Theorem 8.5. Suppose 4* F*, F* =t=^ F* and G* are acyclic 

e* f* 

and suppose 4*—4-F*-)-G* is weak exact. Then for a G Hi{C^) 

and b G Hj{DA) 

ai+j+i(((a,r, b))) C - ((ai(a),r, b)) 
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Proof. By Lemma 18^ it may be assumed that the complexes are all free. 
Pick compatible splittings for A^, C* and D^. Recall that Bocksteins 
and long exact sequence boundary maps anti-commute and that in 
short exact sequences of free chain complexes c) = 5j(a) <8) c. 

A routine calculation completes the proof. □ 


Corollary 8.6. With assumptions and notation as in Theorem \8.5\ 

r, o))) C (-1)^+^ ((b, r, ^^(o))) 

Proof. Apply the interchange map fl7.1l) to get to the situation of The¬ 
orem 18.51 and then apply the interchange map again. □ 


Corollary 8.7. With assumptions and notation as in Theorem \8.5\ let 

t he the map defined 

by di*l^^^^^^{{a,r,b)) = {di{a),r,b). Then 

0 —)■ © Hi(CP) Hj[DPj - > Dt 


i+j=n-\-l 

commutes. 





s„+l 


i-\-j=n 



© HiWA)* 

i-\-j=n 


Proof. The proof is immediate. 


□ 


9. The Massey triple product 

Suppose X and Y are CW complexes with hnitely many cells in 
each dimension. Then the cellular cochains are free Z modules and the 
Kiinneth formula plus the Eilenberg-Zilber chain homotopy equivalence 
yields a Kiinneth formula 

0 ^ © HfX) © HAY) R"(X X Y) © HfX) * HAY) 0 

i-\-j='n i+j=n-\-l 

Given u © iL*(X) dehne u* © x K) by u* = p*x{u) where px- X x 

K —)■ X is the projection. For v © H^iY) dehne v* © H^{X x Y) 
similarly and recall u x v = u* Uv* where U denotes the cup product. 

Theorem 9.1. With notation as above and non-zero m © Z 

iu,m,v)) = {uA {m)Av*) 

where {«*, (m)*,n*) is the Massey triple product of the indicated co¬ 
homology classes where (m)* is m times the multiplicative identity in 
HAX X Y). 

The proof is immediate from Formula 12.11 and the dehnition of the 
Massey triple product. 
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10. Weakly split chain complexes 

Heller’s category in [5] carries much the same information as weak 
splittings. 

Proposition 10.1. //e*: —)■ and f\ \ ^ C* are weakly split 
chain maps, then /* o e* is weakly split by = Z^* o Z^* and 

= fn+l ° ° ■ With thcSC choiCCS 

U= (fn+i Z o U (r)^‘ + U (r){* o e„ 

Proof. Formula flO.ip is immediate. Formula fl6.2p is a routine calcula¬ 
tion. It is straightforward to check = f^+i o -f o from 

which the formula for the U{r)^ follows. □ 

Remark 10.2. Composition can be checked to be associative. The 
pair = 1 . and = 0 give the identity for any weak spitting 

of . Hence weakly split chain complexes and weakly split chain maps 
form a category. 

Proposition 10.3. Let e*: H* —)■ B^ be a weakly split chain map and 
suppose /*: A* —)■ is a chain map chain homotopic to e*. Let 
D^: ^ be a chain homotopy with 

/* - e* = oD^ + F)*_i o 

Then /* is weakly split by Zf* = Zf^ and 

H- = o £>„+; o 9^ 

With these choices, U{r)l* = U(r)^ 

Proof. Since chain homotopic maps induce the same map in homology, 
it is possible to take Z^* = Zf* and then B^* = Bf* The required 
verihcations are straightforward. □ 

The remaining results are routine verihcations. 

Proposition 10.4. Given two weakly split chain complexes, {H*, g^} 
and {C*, gf}, then 0R* is weakly split by the following data: 

7"® = 7^®7f. Then B"® = B>eJ >» let 

or®=»>»?■ 

Proposition 10.5. Given weakly split chain maps e*: H* —)■ and 
f^.: B^ ^ then e* © /* is weakly split by = 2,^ © and 

g>e.e/, ^ ^e. 0 ^/« ^ these choices 

U {rYn®^* = U {r)l* © U (r)l* 
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Remark 10.6. The zero complex with its evident splitting is a zero for 
the direct sum operation. The zero chain map between any two weakly 
split complexes is weakly split by letting and T®* be trivial. Then 
U{r)^ is also trivial. 

There is an internal sum result. 

Proposition 10.7. Given weakly split chain maps e*: A* —)• C* and 
f^: ^ C* then e* + /* is weakly split by = ^f* _|_ 

g>e.+/« _ ^e. _|_ \Yith these choices 

U{r)t:+>- = U{rr„- + U{r)l- 

Remark 10.8. Unlike the direct sum case fllO.41) . there does not seem 
to be an easy way to weakly split the tensor product. 

Reeerences 

[1] Albrecht Bold, Lectures on algebraic topology, 2nd ed., Grundlehren der Math- 
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 
vol. 200, Springer-Verlag, Berlin-New York, 1980. MR606196 (82c:55001) 

[2] Samuel Eilenberg and Saunders Mac Lane, On the groups II. Methods 

of computation, Ann. of Math. (2) 60 (1954), 49-139. MR0065162 (16,391a) 

[3] Alex Heller, On the Kiinneth theorem, Trans. Amer. Math. Soc. 98 (1961), 450- 
458. MR0126479 (23 #A3775) 

[4] Saunders MacLane, Slide and torsion products for modules, Univ. e Politec. 
Torino. Rend. Sem. Mat. 15 (1955), 281-309. MR0082488 (18,558b) 

[5] Saunders Mac Lane, Homology, 1st ed., Springer-Verlag, Berlin-New York, 1967. 
Die Grundlehren der mathematischen Wissenschaften, Band 114. MR0349792 
(50 #2285) 

Department of Mathematics 
University of Notre Dame 
Notre Dame, IN 46556 

U.S.A. 

E-mail address: taylor.2@nd.edu 




